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a b s t r a c t
In combinatorics, the concept of Euclidean t-design was first de-
fined by Neumaier–Seidel (1988) [25], as a two-step generaliza-
tion of the concept of spherical t-design. It is possible to regard
Euclidean t-design as a special case of general cubature formulas
in analysis. We point out that the works on cubature formulas by
Möller and others (which were not well aware by combinatorial-
ists), are very important for the study of Euclidean t-designs. In
particular, they clarify the question ofwhat is the right definition of
tight Euclidean t-designs (tight t-designs onRn and tight t-designs
on p-concentric sphere). So, the first purpose of this paper is to tell
combinatorialists, the importance of the theory on cubature for-
mulas in analysis. At the same time we think that it is important
for us to communicate our viewpoint of Euclidean t-designs to the
analysts. The second purpose of this paper is to review the develop-
ments of the research on tight Euclidean t-designs. There aremany
new interesting examples and rich theories on tight Euclidean t-
designs. We discuss the tight Euclidean t-designs in R2 carefully,
and we discuss what will be the next stage of the study on tight
Euclidean t-designs. Also, we investigate the correspondence of the
known examples of tight Euclidean t-designs with the Gaussian t-
designs.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
This paper is an extended version of the two talks given by the first and the second authors titled:
Cubature formulas in numerical analysis and tight Euclidean designs, and Euclidean tight designs
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(respectively) in the Conference CGCS2007 held in Luminy inMay 2–4, 2007, in honor of Michel Deza.
This paper has several purposes. The main purpose is to study Euclidean t-designs, and in particular
tight Euclidean t-designs. The concept of Euclidean t-designs was defined by Neumaier–Seidel (1988,
see [25]), as a two-step generalization of spherical t-designs X . Here, recall that a spherical t-design is
a finite subset of the unit sphere which approximates the sphere well with respect to the integrals on
the sphere of polynomials. That is, X is called a spherical t-design if the integral on the sphere of any
polynomial f (x) = f (x1, x2, . . . , xn) of degree at most t is exactly replaced by the sum of the values
of f (x) on X . The generalization of one step is to replace the sphere by Euclidean space, and another
step is to allow weight on the set X , i.e., essentially to consider weighted designs, or equivalently
cubature formulas. The exact definitions of cubature formulas as well as Euclidean t-designs are given
in Section 1. As you may know, cubature formulas are studied extensively in analysis, in particular in
the area of numerical analysis and approximation theory. Actually, it is possible to regard Euclidean
t-designs as a special case of general cubature formulas. Also, we remark that essentially the same
concept as Euclidean t-designs had already appeared and had been studied in statistics as well in
the name of rotatable designs (see [11], etc.). It seems that these concepts are very important, and
so it is natural that these concepts were defined and studied in many different areas, and that the
developments in each area were generally not understood very well by researchers in other areas. In
particular, it seems that when the study of spherical t-designs (in [17]) or Euclidean t-designs (in [25,
18]) was started mainly in the area of combinatorics, this connection was known only vaguely. That
is, the details of developments (related to Euclidean t-designs) in the context of cubature formulas in
analysis were not fully recognized by the researchers in combinatorics, including ourselves. It is very
recent, i.e., it is less than one year, that we became aware that the work of Möller (see [23,24]) is very
important from the viewpoint of Euclidean t-designs. (We were surprised to learn that some of the
questions that we raised before as open questions turned out to be already solved by Möller.)
So, this paper has a secondary purpose to inform the important role of cubature formulas in analysis
to combinatorialists. On the other hand, we hope that this paper also can benefit the analysists
by communicating our viewpoint on the role of t-designs in algebraic combinatorics. See [20], for
cubature formulas on the sphere constructed from lattices.
The contents of this paper are as follows: In Section 2, we review on the developments of
the theory of Euclidean t-designs and on the developments of the theory of cubature formulas in
analysis. We focus on the work of Möller, and later in this paper, we also comment on the works of
Verlinden–Cools [28], Cools–Schmid [15], Xu [30], etc. We believe and hope that the present review
will be useful for those working in algebraic combinatorics, in particular on Euclidean t-designs. As
it is specified more closely in this paper, the work of Möller seems to give the final answer to the
question of what is the best and right definition of tight Euclidean t-designs.
The second purpose of this paper (Section 3) is to review the developments of constructing
and classifying tight Euclidean t-designs. Contrary to an earlier pessimistic view (a conjecture by
Delsarte–Neumaier–Seidel) that there will not exist any non-trivial tight Euclidean t-designs with
t ≥ 4, there are many new interesting examples and rich theories on tight Euclidean t-designs.
Some of the examples were newly discovered (Bannai–Bannai [6], Bajnok [1,2], Et. Bannai [9,10],
Bannai–Bannai–Suprijanto [7], etc.). Some of them had been recognized in analysis in the context
of cubature formulas. We believe these new examples are interesting for those working in cubature
formulas in analysis. Here, we mention that there are some interesting theory already in the context
of cubature formulas in analysis, in particular on some cubature formulas in R2. We would like to
emphasize that there should be twoway traffics between Euclidean t-designs and cubature formulas.
After the discussion of the definitions of Euclidean tight t-designs, we discuss what will be the next
stage to tight t-designs, i.e., what are the almost tight t-designs. We also study the problem of
whether the known examples of tight Euclidean t-designs actually correspond to Gaussian t-designs.
(We discuss some works of Hirao-Sawa and Nishida.) We conclude this direction of our research by
mentioning our new results (Theorem 3.4.1, Theorem 3.4.2 and some related results which may have
an independent interest in algebraic combinatorics), i.e., the complete classification of tight Euclidean
7-designs on 2 concentric spheres in Rn. We would like to emphasize that this is only a start of such
a research in this direction, and vast research areas are awaiting us.
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In the last part of this paper (Section 4) we give several concluding remarks on tight Euclidean
t-designs and related topics. We briefly review some of the works of Victoir, Bajnok, de la
Harpe–Pache–Venkov, Cohen–Kumar, Ballinger et al. in connection with the research of Euclidean
t-designs. We also briefly mention the inverse problem of Euclidean t-designs. That is, for a given
Euclidean t-design, whether there exists any radially symmetric measure space (Ω, µ) which
corresponds to it. We also study cubature formulas which are the union of orbits of a finite subgroup
G in real orthogonal group O(n), but perhaps we have to cut this discussion to keep the paper in a
reasonable length.
2. Preliminaries
First we give the notation for the vector spaces of polynomials we use in this paper. Let Sn−1 be the
unit sphere in Euclidean space Rn. Let P (Rn) = R[x1, x2, . . . , xn] be the vector space of polynomials
in n variables x1, x2, . . . , xn. Let Homl(Rn) be the subspace of P (Rn) spanned by homogeneous
polynomials of degree l. Let Pl(Rn) = ⊕li=0 Homl(Rn). Let P ∗l (Rn) = ⊕[
l
2 ]
i=0 Homl−2i(Rn). Let
Harm(Rn) be the subspace ofP (Rn)which consists of all the harmonic polynomials. Let Harml(Rn) =
Harm(Rn) ∩ Homl(Rn). For a subset Y ⊂ Rn, let P (Y ), Pl(Y ), P ∗l (Y ), Homl(Y ), Harm(Y ), Harml(Y )
be the sets of corresponding polynomials restricted to Y . For example P ∗l (Y ) = {f |Y | f ∈ P ∗l (Rn)}.
2.1. Spherical t-designs and tight spherical t-designs
The concept of spherical t-design was given by Delsarte, Goethals and Seidel in [17].
Definition 2.1.1 (Spherical t-designs). Let X be a finite set on the unit sphere Sn−1 ⊂ Rn. Let t be a
natural number. Then, with the notationmentioned above, we say that X is a spherical t-design, if the
following condition is satisfied:
1
|Sn−1|
∫
x∈Sn−1
f (x)dσ(x) = 1|X |
∑
u∈X
f (u)
for any polynomial f (x) ∈ Pt(Rn), where σ denotes the usual Haar measure on the unit sphere.
They gave the following natural lower bound for the cardinality of a spherical t-design X .
Theorem 2.1.2 ([17]). Let X be a spherical t-design.
(1) If t = 2e, then the following holds:
|X | ≥
(
n+ e− 1
e
)
+
(
n+ e− 2
e− 1
) (= dim(Pe(Sn−1))) .
(2) If t = 2e+ 1, then the following holds:
|X | ≥ 2
(
n+ e− 1
e
) (=2 dim(P ∗e (Sn−1))) .
They defined the following concept of tight spherical t-designs.
Definition 2.1.3 (Tight Spherical t-Designs). If the equality holds in the inequality of Theorem 2.1.2,
then X is a tight spherical t-design.
In [17], they studied the lower bounds for the cardinalities of s-distance sets X in Sn−1. Let A(X) =
{(x, y) | x, y ∈ X, x 6= y}, where (−,−) denotes the usual inner product between the vectors in Rn.
If |A(X)| = s, then X ⊂ Sn−1 is called an s-distance set. They proved the following theorems.
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Theorem 2.1.4 ([17]). Let X ⊂ Sn−1 be an s-distance set. Then
|X | ≤ dim(Ps(Sn−1))
holds. Moreover if X is antipodal, then
|X | ≤ 2 dim(P ∗s−1(Sn−1))
holds.
Theorem 2.1.5 ([17]).
(1) Let |X | = dim(Pe(Sn−1)). Then X is an e-distance set if and only if X is a spherical tight 2e-design.
(2) Let |X | = 2 dim(P ∗e (Sn−1)). Then X is an antipodal (e+ 1)-distance set if and only if X is a spherical
tight (2e+ 1)-design.
The existence of spherical t-designs X in Sn−1 was proved by Seymour–Zaslavsky [27] for any t , n
and X if |X | is sufficiently large. However spherical tight t-designs are very special and hardly exist for
n ≥ 3 or t ≥ 4. Following are the known results about the classification of spherical tight t-designs
at this stage (as for more information see [4,8], etc.).
• n = 2: X is a spherical tight t-design if and only if X is a regular (t + 1)-gon.
• 1-designs: {x,−x} is a spherical tight 1-design for any x ∈ Sn−1.
• 2-designs: X ⊂ Sn−1 is a spherical tight 2-design if and only if X is a regular simplex.
• 3-designs: X ⊂ Sn−1 is a spherical tight 3-design if and only if X is isometric to {±ei | 1 ≤ i ≤ n}
(cross polytope), where {e1, . . . , en} is the canonical basis of Rn.
• If n ≥ 3, and X is a spherical tight t-design, then t = 1, 2, 3, 4, 5, 7, 11.
• Spherical tight 11-design X is unique up to isometry. That is, X is isometric to the set of 196560
minimal vectors in Leech lattice in R24.
• The classifications of the spherical tight 4, 5, 7-designs are still open problem. Followings are the
only known examples so far:
t = 4: 27 point set on S5, 275 point set on S21.
t = 5: set of the 12 vertices of the dodecahedron on S2, set of 56 vectors of the E7 root system
on S6, 553 point set on S22.
t = 7: set of 240 vectors of the E8 root system on S7, 4600 point set on S23.
2.2. Cubature formulas of degree t in analysis (Möller’s theorems)
In this section we introduce the works by Möller on cubature formulas in 1976. LetΩ be a subset
in Rn. We consider an integral∫
Ω
f (x)µ(x)dΩ,
where µ is a positive weight function onΩ and we assume all polynomials up to a sufficiently large
degree are integrable.
Definition 2.2.1 (Cubature Formulas of Degree t). If there exists a finite subset X ⊂ Ω and a positive
weight functionw(x) defined on X satisfying∫
Ω
f (x)µ(x)dΩ =
∑
x∈X
w(x)f (x) (1)
for any polynomial f (x) ∈ Pt(Ω), then equation (1) is called a cubature formula of degree t .
For a cubature formula of even degree the following theoremwas proved using the positiveness of
the integral and well known [23,24].
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Theorem 2.2.2. Let X be a finite subset in Ω which satisfies a cubature formula of degree 2e. Then the
following holds:
|X | ≥ dim(Pe(Ω)).
We say that an integral onΩ is centrally symmetric, if∫
Ω
f (x)µ(x)dΩ = 0
holds for any polynomial f (x) ∈ Hom2l+1(Ω) with any integer l ≥ 0. For a cubature formula of odd
degree, the following theorem was proved by Möller [23,24].
Theorem 2.2.3 (Möller). Let X be a finite subset inΩ which satisfies a cubature formula of degree 2e+1.
Assume that the integral is centrally symmetric. Then the following holds:
N ≥
{
2 dim(P ∗e (Ω))− 1 if e is even and 0 ∈ X,
2 dim(P ∗e (Ω)) otherwise.
If we apply Theorems 2.2.2 and 2.2.3 forΩ = Sn−1, thenwe obtain Theorem 2.1.2. However people
studying algebraic combinatorics did not noticed theworks done in analysis until very recently.Möller
also proved the following very powerful theorem.
Theorem 2.2.4 (Möller). Let X be a finite subset inΩ which satisfies a cubature formula of degree 2e+1.
Assume that the integral is centrally symmetric. Moreover we assume the following (1) or (2):
(1) e is even, 0 ∈ X and |X | = 2 dim(P ∗e (Ω))− 1.
(2) e is odd and |X | = 2 dim(P ∗e (Ω)).
Then X is antipodal and the weight functionw is centrally symmetric, i.e., −x ∈ X andw(−x) = w(x)
for any x ∈ X.
In Möller’s paper he did not mention the case e is even and 0 6∈ X . As we introduce in the following
section, a Euclidean t-design X gives a cubature formula of degree t on a finite union of concentric
spheres centered at the origin. We will show that we can apply his method to the case t = 2e + 1, e
is even and 0 6∈ X with some conditions.
2.3. Euclidean t-designs
In this section we introduce the concept of Euclidean t-designs and give some basic facts given
in the papers [25,18]. We give the new lower bound of the cardinality of a Euclidean t-design using
Theorems 2.2.2 and 2.2.3.
First we give some more notation. Let X be a finite set in Rn possibly containing 0. Let
{r1, r2, . . . , rp} = {‖x‖ | x ∈ X}, where ‖x‖ = √(x, x) denotes the usual length of the vectors in
Rn. Let Si = {x ∈ Rn | ‖x‖ = ri} and Xi = X ∩ Si for i = 1, 2, . . . , p. Let w(x) be a positive real
valued weight function on X . Let w(Xi) = ∑x∈Xi w(x) (1 ≤ i ≤ p). On each Si we consider the Haar
measure σi. For Si 6= {0}, we assume |Si| =
∫
Si
dσi(x) = rn−1i
∫
Sn−1 dσ(x). If Si = {0}, then we define
1
|Si|
∫
Si
f (x)dσi(x) = f (0). Finally, let S = ∪pi=1 Si and we say X is supported by S, or S is the support
of X .
Definition 2.3.1 (Euclidean t-designs). A finite subset X in Rn is a Euclidean t-design if the following
conditions are satisfied:
There exists a positive weight functionw(x) on X and
p∑
i=1
w(Xi)
|Si|
∫
Si
f (x)dσi(x) =
∑
x∈X
w(x)f (x)
holds for any polynomial f (x) ∈ Pt(Rn).
428 E. Bannai et al. / European Journal of Combinatorics 31 (2010) 423–441
The following theorem was proved by Neumaier–Seidel [25] which gives an equivalent condition
for Euclidean t-designs (see also [6]).
Theorem 2.3.2 (Neumaier–Seidel). Let X be a finite set in Rn. Let w be a positive weight function defined
on X. Then the following conditions are equivalent:
(1) X is a Euclidean t-design with weight w.
(2)
∑
x∈X w(x)f (x) = 0 for any polynomial f ∈ ‖x‖2jHarml(Rn) with 1 ≤ l ≤ t, 0 ≤ j ≤ [ t−l2 ].
Proof. The fact that the integral of any harmonic polynomial of positive degree on a sphere is 0 implies
Theorem 2.3.2. 
By definition, the formula given by a Euclidean t-design is a cubature formula on S = ∪pi=1 Si of
degree t with |X | points. Since the integral given in the definition of Euclidean t-designs is centrally
symmetric, we can apply Theorems 2.2.2 and 2.2.3 for the Euclidean t-designs.
Theorem 2.3.3. Let X ⊂ Rn be a Euclidean 2e-design supported by a union S of p concentric spheres.
Then
|X | ≥ dim(Pe(S))
holds.
Theorem 2.3.4. Let X ⊂ Rn be a Euclidean (2e + 1)-design supported by a union S of p concentric
spheres. Then the followings hold:
|X | ≥
{
2 dim(P ∗e (S))− 1 for e is even and 0 ∈ X
2 dim(P ∗e (S)) otherwise.
Theorem 2.3.3 was also proved in [18]. As for Euclidean (2e+ 1)-designs, Delsarte–Seidel and also
Bannai gave the same lower bound assuming X is antipodal [18,10].
Theorem 2.2.4 implies the following theorem.
Theorem 2.3.5. Let X be a Euclidean (2e+ 1)-design. Assume that the following (1) or (2) holds:
(1) e is even, 0 ∈ X and |X | = 2 dim(P ∗e (S))− 1.
(2) e is odd and |X | = 2 dim(P ∗e (S)).
Then X is antipodal and the weight functionw(x) is centrally symmetric.
We apply Möller’s method further and we obtain the following theorem.
Theorem 2.3.6. Let X be a Euclidean (2e+1)-design. Assume e is even, 0 6∈ X and the following conditions
are satisfied:
(1) |X | = 2 dim(P ∗e (S)),
(2) For any line l passing through the origin, let Y ⊂ X ∩ l. Assume x 6= −y for any x, y ∈ Y . Then
|Y | ≤ e2 + 1.
Then X is antipodal and the weight functionw(x) is centrally symmetric.
We will give the proof of Theorem 2.3.6 in Section 2.5.
2.4. Tight t-designs
Definition 2.4.1 (Tight t-Designs on p Concentric Spheres). Let X be a Euclidean t-design. Let S be the
union of p concentric spheres which supports X . If one of the following conditions holds, then X is a
tight t-design on p concentric spheres.
(1) t = 2e and |X | = dim(Pe(S)).
(2) t = 2e+ 1, e is even, 0 ∈ X and |X | = 2 dim(P ∗e (S))− 1.
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(3) t = 2e+ 1, e is even and 0 6∈ X or e is odd, and |X | = 2 dim(P ∗e (S)).
Definition 2.4.2 (Tight t-Designs of Rn). Let X be a tight t-design on p concentric spheres. If one of the
following conditions holds, then X is a tight t-design of Rn.
(1) t = 2e and dim(Pe(S)) = dim(Pe(Rn)).
(2) t = 2e+ 1 and dim(P ∗e (S)) = dim(P ∗e (Rn)).
Theorem 2.3.2 implies that if 0 ∈ X ⊂ Rn, then X is a Euclidean t-design if and only if X \ {0}
is a Euclidean t-design. Therefore if X is a tight t-design of Rn satisfying 0 6∈ X and p ≥ [ t4 ] + 1,
then X ∪ {0} is not anymore a tight t-design of Rn. However we believe that the concept given in the
following definition is important.
Definition 2.4.3 (Almost Tight Designs of Rn). If X is a tight t-design of Rn satisfying 0 6∈ X , then we
call X ∪ {0} an almost tight t-design of Rn.
Remark 1. In Section 3.2, we will give some examples of Gaussian t-designs X with 0 ∈ X which are
almost tight t-designs ofRn and X \{0} are not Gaussian t-designs (of course X \{0} are tight t-designs
of Rn).
We also have the following propositions.
Proposition 2.4.4 (See Proposition 1.7 in [6]). Let X be a tight 2e-design of Rn. If 0 ∈ X, then e is even
and p = e2 + 1.
Proposition 2.4.5. Let X be a tight (2e+ 1)-design of Rn. If 0 ∈ X, then e is even and p = e2 + 1.
Proof. Definition 2.4.2 implies dim(Pe(S)) = dim(Pe(Rn)). Since 0 ∈ S, wemust have p ≥ e2+1 (see
Section 3 in [9] for the explicit formula of dim(Pe(S))). Assume e is odd. Then Definition 2.4.1 implies
that |X | is an even integer. Moreover Theorem 2.3.5 implies that X is antipodal. Since 0 ∈ X , this is a
contradiction. Hence emust be an even integer. Then Definition 2.4.1 implies |X | = 2 dim(P ∗e (S))−1.
On the other hand, X \ {0} is a Euclidean (2e + 1)-design supported by a union S ′ = S \ {0}
of p − 1 concentric spheres. Hence Theorem 2.3.4 implies |X | − 1 ≥ 2 dim(P ∗e (S ′)) and then
dim(P ∗e (S)) ≥ dim(P ∗e (S ′))+ 1 > dim(P ∗e (S ′)). Therefore we must have p = e2 + 1. 
Proposition 2.4.6. Let X be a tight (2e+ 1)-design on p concentric spheres. Then the followings hold:
(1) If e is odd, then X is antipodal, 0 6∈ X, and the weight functionw is centrally symmetric.
(2) If e is even and 0 ∈ X, then X is antipodal and the weight functionw is centrally symmetric.
(3) If e is even, 0 6∈ X, and p ≤ e2 +1 (exactly speaking if Theorem 2.3.6(2) holds), then X is antipodal
and the weight functionw is centrally symmetric.
Proof. Immediate from the definition. As for the formula of the dimension of vector spaces of
polynomials see [17,18,9], etc. 
2.5. Proof of Theorem 2.3.6
Let 〈g, f 〉 = ∑pi=1 w(Xi)|Si| ∫Si g(x)f (x)dσi(x), for any polynomial g, f ∈ Pe+1(S). Then 〈g, f 〉 is a
positive definite inner product on Pe+1(S). Since Pe+1(S) = P ∗e (S) + P ∗e+1(S) and 〈g, f 〉 = 0 for
any g ∈ P ∗e (S) and f ∈ P ∗e+1(S), Pe+1(S) = P ∗e (S) ⊥ P ∗e+1(S) is an orthogonal decomposition. Let
X = {x1, x2, . . . , xN}. For any xi ∈ X , we define a function Li : Pe+1(S) −→ R by Li(f ) = f (xi). Then
Li ∈ Pˆe+1(S), where Pˆe+1(S) denotes the dual ofPe+1(S). Consider the subspace 〈Li|P ∗e (S) | 1 ≤ i ≤ N〉
of the dual Pˆ ∗e (S) of P ∗e (S). For any ψ ∈ Pˆ ∗e (S), there exists a polynomial g ∈ P ∗e (S) satisfying
ψ(f ) = 〈g, f 〉 =∑Ni=1w(xi)g(xi)f (xi) for any f ∈ P ∗e (S). This implies
ψ =
N∑
i=1
w(xi)g(xi)Li|P ∗e (S) ∈ 〈Li|P ∗e (S) | 1 ≤ i ≤ N〉
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and 〈Li|P ∗e (S) | 1 ≤ i ≤ N〉 = Pˆ ∗e (S). Hence we obtain
dim(〈Li|P ∗e (S) | 1 ≤ i ≤ N〉) = dim(Pˆ ∗e (S)) = dim(P ∗e (S)).
Now, let b = dim(P ∗e (S)) and L1|P ∗e (S), L2|P ∗e (S), . . . , Lb|P ∗e (S) be a basis of 〈Li|P ∗e (S) | 1 ≤ i ≤ N〉.
Since X does not contain 0 we can take a polynomial h1 ∈ Hom1(Rn) satisfying h1(xi) 6= 0
for i = 1, 2, . . . ,N . Then h1P ∗e (S) is a subspace of P ∗e+1(S). Then we can easily check that
L1|h1P ∗e (S), L2|h1P ∗e (S), . . . , Lb|h1P ∗e (S) are linearly independent. Hence L1|P ∗e+1(S), L2|P ∗e+1(S), . . . , Lb|P ∗e+1(S)
are linearly independent. This implies
dim(〈Li|P ∗e (S) | 1 ≤ i ≤ N〉) ≤ dim(〈Li|P ∗e+1(S) | 1 ≤ i ≤ N〉).
Hence we obtain
|X | ≥ dim(〈Li | 1 ≤ i ≤ N〉)
= dim(〈Li|P ∗e+1(S) | 1 ≤ i ≤ N〉)+ dim(〈Li|P ∗e (S) | 1 ≤ i ≤ N〉)
≥ 2 dim(P ∗e (S)). (2)
By assumption e is even and |X | = 2 dim(P ∗e (S)) = 2b (= N). Therefore (2) implies that L1, L2, . . . , LN
are linearly independent in Pˆe+1(S) and
dim(〈Li|P ∗e+1(S) | 1 ≤ i ≤ 2b〉) = dim(〈Li|P ∗e (S) | 1 ≤ i ≤ 2b〉) = b.
Hence L1|P ∗e+1(S), . . . , Lb|P ∗e+1(S) is a basis of 〈Li|P ∗e+1(S) | 1 ≤ i ≤ 2b〉. Fix an i ∈ {b + 1, . . . , 2b}
arbitrarily. Then we can express
Li|P ∗e+1(S) =
b∑
j=1
ci,jLj|P ∗e+1(S).
Choose h ∈ Hom1(S) satisfying h(xi) = 0. Since hP ∗e (S) ⊂ P ∗e+1(S), we have
0 = Li(hf ) =
b∑
j=1
ci,jLj(hf ) =
b∑
j=1
ci,jh(xj)f (xj)
for any f ∈ P ∗e (S). Thus
b∑
j=1
ci,jh(xj)Lj|P ∗e (S) = 0.
Hence we obtain ci,jh(xj) = 0, for j = 1, . . . , b. Let {j | ci,j 6= 0, 1 ≤ j ≤ b} = {1, 2, . . . , r}. Then
h(xj) = 0, for j = 1, . . . , r . Since h was chosen arbitrarily, x1, . . . , xr lie on any hyperplane passing
through 0 and xi. Hence xi, x1, . . . , xr lie on a line passing through 0. Hence there exist distinct real
numbers λi,j 6= 0, 1, satisfying xj = λi,jxi for j = 1, . . . , r . Let us consider the following matrix of size
(r + 1)× ( e2 + 1).
1 1 · · · 1 1
1 λ2i,1 · · · λe−2i,1 λei,1
1 λ2i,2 · · · λe−2i,2 λei,2
...
...
...
...
...
1 λ2i,r · · · λe−2i,r λei,r
 .
Since there exists a polynomial f ∈ Hom2l+1(S) ⊂ P ∗e+1(S) satisfying f (xi) 6= 0 for any l with
0 ≤ l ≤ e2 , we have
f (xi) = Li(f ) =
r∑
j=1
ci,jLj(f ) =
r∑
j=1
ci,jf (xj) = f (xi)
r∑
j=1
ci,jλ2l+1i,j . (3)
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This implies
r∑
j=1
ci,jλi,jλ2li,j = 1, for l = 0, 1, . . . ,
e
2
.
Since λi,j 6= 0, the r + 1 row vectors in the matrix given above are linearly dependent. On the other
hand, if λi,j1 = −λi,j2 holds for some j1, j2 satisfying 1 ≤ j1 6= j2 ≤ r ≤ b, then xj1 = −xj2
holds. Since e is even, this implies that Lj1(f ) = f (xj1) = f (−xj2) = f (xj2) = Lj2(f ) holds for
any f ∈ P ∗e (S). This contradicts the assumption that L1|P ∗e (S), . . . , Lb|P ∗e (S) are linearly independent.
Hence λ2i,1, λ
2
i,2, . . . , λ
2
i,r are distinct to each other and none of the pair of two vectors in x1, . . . , xr
is antipodal to each other. If λ2i,j 6= 1 for any j = 1, 2, . . . , r , then none of the pair of two vectors in
r+1 point set xi, x1, . . . , xr is antipodal to each other. Hence by assumption we obtain r+1 ≤ e2 +1.
Since 1, λ2i,1, . . . , λ
2
i,r are distinct to each other the r+1 row vectors of the matrix given above cannot
be linearly dependent. This is a contradiction. Therefore there exists a j ∈ {1, 2, . . . , r} satisfying
λi,j = −1 and xi = −xj. Thus we have seen that for any i ∈ {b+1, . . . , 2b}, there exists j ∈ {1, . . . , b}
satisfying xi = −xj. Hence X is an antipodal set. Next, we will prove that the weight functionw(x) is
centrally symmetric. Since e is even we have
N∑
i=1
w(xi)f (xi) =
N∑
i=1
w(xi)f (−xi) for any f ∈ P ∗e (S), (4)
0 =
N∑
i=1
w(xi)f (xi) = −
N∑
i=1
w(xi)f (−xi) for any f ∈ P ∗e+1(S). (5)
This implies
N∑
i=1
w(xi)f (xi) =
N∑
i=1
w(xi)f (−xi) =
N∑
i=1
w(−xi)f (xi) for any f ∈ Pe+1(S).
Hence
N∑
i=1
w(xi)Li =
N∑
i=1
w(−xi)Li.
Since L1, . . . , LN are linearly independent in Pˆe+1(S), we must have w(xi) = w(−xi) for i = 1,
2, . . . ,N . This completes the proof of Theorem 2.3.6.
3. Some examples, and the classification problem of tight t-designs
3.1. Tight t-designs of R2
In this subsection, we discuss Euclidean t-designs in R2. Euclidean t-designs in R2 are studied
by Bajnok [1]. While these examples were essentially discussed in Verlinden–Cools [28, 1992] and
Cools–Schmid [15, 1993] as a necessary condition for the existence of cubature formulas of radially
symmetric measures on R2. (So, the existence as Euclidean t-designs was not recognized there.)
Verlinden–Cools [28] and Cools–Schmid [15] deal with tight (4k + 1)-designs. Here we also discuss
t-designs with t other than 4k + 1. Bajnok constructed tight t-designs of R2 for any t (see [1]).
It is interesting to note that Bajnok [1] was unaware of these previous related works in cubature
formulas. In turn, some of the arguments in Verlinden–Cools [28] use some technique used previously
in Hong [22] in algebraic combinatorics. In the following we will prove that every tight t-design of R2
or a tight t-design on p concentric spheres is similar to one of the examples given by Bajnok if it is
supported by atmost [ t4 ]+1 concentric spheres. Alsowe prove that if 0 ∈ X , thenX must be supported
by at most [ t4 ] + 1 concentric spheres.
In the rest of this subsection, X is a tight t-design on p concentric spheres in R2 and r1 > r2 >
· · · > rp ≥ 0. Hence 0 ∈ X is equivalent to rp = 0.
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Theorem 3.1.1. Let X be a tight (4k + 1)-design on p concentric spheres. Assume 0 ∈ X. Then the
followings hold:
(1) 2 ≤ p ≤ k+ 1.
(2) Each Xi 6= {0} is a spherical tight (4k− 2p+ 5)-design and a regular (4k− 2p+ 6)-gon.
(3) Let w(x) = w1 on X1. Then
w(x) = r
4k−2p+6
1
r4k−2p+6i
i−1∏
j=2
(r21 − r2j )
p−1∏
j=i+1
(r21 − r2j )
i−1∏
j=2
(r2j − r2i )
p−1∏
j=i+1
(r2i − r2j )
w1,
where x ∈ Xi, i 6= 1 and x 6= 0.
(4) The angle between the line passing through the origin and a vertex of Xi and the line passing through
the origin and a vertex of Xi+1 is (an odd integer)× pi4k−2p+6 .
(5) If p = k+ 1, then X is a tight (4k+ 1)-design of R2.
Theorem 3.1.2. Let X be a tight (4k+ 1)-design on p concentric spheres. Assume 0 6∈ X, and p ≤ k+ 1.
Then the followings hold:
(1) Each Xi is a spherical tight (4k− 2p+ 3)-design and a regular (4k− 2p+ 4)-gon.
(2) Let w(x) = w1 on X1. Then
w(x) = r
4k−2p+4
1
r4k−2p+4i
i−1∏
j=2
(r21 − r2j )
p∏
j=i+1
(r21 − r2j )
i−1∏
j=2
(r2j − r2i )
p∏
j=i+1
(r2i − r2j )
w1,
where x ∈ Xi, i 6= 1.
(3) The angle between the line passing through the origin and a vertex of Xi and the line passing through
the origin and a vertex of Xi+1 is (an odd integer)× pi4k−2p+4 .
(4) If p = k+ 1, then X is a tight (4k+ 1)-design of R2.
Theorem 3.1.3. Let X be a tight (4k + 3)-design on p concentric spheres. Assume p ≤ k + 1. Then X is
antipodal and 0 6∈ X. Moreover the followings hold:
(1) Each Xi is a spherical tight (4k− 2p+ 5)-design and a regular (4k− 2p+ 6)-gon.
(2) Let w(x) = w1 on X1. Then
w(x) = r
4k−2p+6
1
r4k−2p+6i
i−1∏
j=2
(r21 − r2j )
p∏
j=i+1
(r21 − r2j )
i−1∏
j=2
(r2j − r2i )
p∏
j=i+1
(r2i − r2j )
w1,
where x ∈ Xi, i 6= 1.
(3) The angle between the line passing through the origin and a vertex of Xi and the line passing through
the origin and a vertex of Xi+1 is (an odd integer)× pi4k−2p+6 .
(4) If p = k+ 1, then X is a tight (4k+ 1)-design of R2.
Theorem 3.1.4. Let X be a tight 4k-design on p concentric spheres. Assume 0 ∈ X. Then the followings
hold:
(1) p ≤ k+ 1 and each Xi is a spherical tight (4k− 2p+ 4)-design and a regular (4k− 2p+ 5)-gon.
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(2) Let w(x) = w1 on X1. Then
w(x) = r
4k−2p+5
1
r4k−2p+5i
i−1∏
j=2
(r21 − r2j )
p−1∏
j=i+1
(r21 − r2j )
i−1∏
j=2
(r2j − r2i )
p−1∏
j=i+1
(r2i − r2j )
w1,
where x ∈ Xi, i 6= 1 and x 6= 0.
(3) The angle between the line passing through the origin and a vertex of Xi and the line passing through
the origin and a vertex of Xi+1 is (an odd integer)× pi4k−2p+5 .
(4) If p = k+ 1, then X is a tight 4k-design of R2.
Theorem 3.1.5. Let X be a tight 4k-design on p concentric spheres. Assume 0 6∈ X and p ≤ k + 1. Then
the followings hold:
(1) Each Xi is a spherical tight (4k− 2p+ 2)-design and a regular (4k− 2p+ 3)-gon.
(2) Let w(x) = w1 on X1. Then
w(x) = r
4k−2p+3
1
r4k−2p+3i
i−1∏
j=2
(r21 − r2j )
p−1∏
j=i+1
(r21 − r2j )
i−1∏
j=2
(r2j − r2i )
p−1∏
j=i+1
(r2i − r2j )
w1,
where x ∈ Xi, i 6= 1.
(3) The angle between the line passing through the origin and a vertex of Xi and the line passing through
the origin and a vertex of Xi+1 is (an odd integer)× pi4k−2p+3 .
(4) If p = k+ 1, then X is a tight 4k-design of R2.
Theorem 3.1.6. Let X be a tight (4k + 2)-design on p concentric spheres. Assume 0 ∈ X. Then the
followings hold:
(1) p ≤ k+ 1, hence X is not a tight (4k+ 2)-design of R2.
(2) Each Xi 6= {0} is a spherical tight (4k− 2p+ 6)-design and a regular (4k− 2p+ 7)-gon.
(3) Let w(x) = w1 on X1. Then
w(x) = r
4k−2p+7
1
r4k−2p+7i
i−1∏
j=2
(r21 − r2j )
p−1∏
j=i+1
(r21 − r2j )
i−1∏
j=2
(r2j − r2i )
p−1∏
j=i+1
(r2i − r2j )
w1,
where x ∈ Xi, i 6= 1 and x 6= 0.
(4) The angle between the line passing through the origin and a vertex of Xi and the line passing through
the origin and a vertex of Xi+1 is (an odd integer)× pi4k−2p+7 .
Theorem 3.1.7. Let X be a tight (4k+ 2)-design on p concentric spheres. Assume 0 6∈ X and p ≤ k+ 1.
Then the followings hold:
(1) Each Xi is a spherical tight (4k− 2p+ 4)-design and a regular (4k− 2p+ 5)-gon.
(2) Let w(x) = w1 on X1. Then
w(x) = r
4k−2p+5
1
r4k−2p+5i
i−1∏
j=2
(r21 − r2j )
p−1∏
j=i+1
(r21 − r2j )
i−1∏
j=2
(r2j − r2i )
p−1∏
j=i+1
(r2i − r2j )
w1,
where x ∈ Xi, i 6= 1.
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(3) The angle between the line passing through the origin and a vertex of Xi and the line passing through
the origin and a vertex of Xi+1 is (an odd integer)× pi4k−2p+5 .
(4) If p = k+ 1, then X is a tight (4k+ 2)-design of R2.
Remark 2. In above theorems on Euclidean t-designs in R2, if X is a tight t-design on p concentric
spheres with 0 6∈ X and p ≤ [ t4 ], then X is a tight t-design on p concentric spheres. If p = [ t4 ] + 1,
then X is already a tight t-design of R2 and X ∪ {0} is not a tight t-design of R2. Hence X ∪ {0} is an
almost tight design of R2.
In the following we will give the proof for the theorems given above. The following proposition is
useful.
Proposition 3.1.8. Let A1, . . . , Am be real numbers. Let R1, R2, . . . , Rm be positive real numbers satisfying
R1 > R2 > · · · > Rm > 0. Assume
m∑
i=1
AiR
j
i = 0
holds for j = 0, 1, . . . ,m− 2. Then Ai is uniquely determined by the following formulas:
Ai = (−1)i−1
i−1∏
j=2
(R1 − Rj)
m∏
j=i+1
(R1 − Rj)
i−1∏
j=2
(Rj − Ri)
m∏
j=i+1
(Ri − Rj)
A1
for i = 2, . . . ,m.
Proof. LetM , a and b be the following (m− 1)× (m− 1)matrix and vectors in Rm−1:
M =

1 1 · · · 1
R2 R3 · · · Rm
...
...
...
...
Rm−22 R
m−2
3 · · · Rm−2m
 , a =

A2
A3
...
Am
 , bi =

1
Ri
...
Rm−2i
 .
Thenwe haveMa = −A1b1. Since R2, . . . , Rm are distinct, the VandermondematrixM is nonsingular.
Hence Cramer’s formula gives Ai = −A1 |Mi−1||M| , where Mi−1 = [b2, b3, . . . , bi−1, b1, bi+1, . . . , bm].
ThenMi−1 is also a Vandermonde matrix and nonsingular.
|M| = (−1) (m−1)(m−2)2
∏
2≤l<j≤m
(Rl − Rj), (6)
|Mi−1| = (−1)i−2|b1, b2, . . . , bi−1, bi+1, . . . , bm|
= (−1)i−2(−1) (m−1)(m−2)2
∏
1≤l<j≤m
l,j6=i
(Rl − Rj). (7)
Then (6) and (7) imply the formula for Ai. 
Proof of Theorem 3.1.1. Note that 2 ≤ p. If p ≥ k + 2, then X \ {0} is a (4k + 1)-design supported
by a union S ′ of p − 1 concentric spheres. Since p − 1 ≥ k + 1 we must have dim(P ∗2k(S ′)) =
dim(P ∗2k(S)) = dim(P ∗2k(R2)) and |X | ≥ 2 dim(P ∗2k(S ′)) + 1 > 2 dim(P ∗2k(S)) − 1. This is a
contradiction. Hence p ≤ k + 1. If p = k + 1, then dim(P ∗2k(S)) = dim(P ∗2k(R2)) and X is a tight
(4k+ 1)-design of R2. This implies Theorem 3.1.1(5). Next, Theorem 2.3.5 implies that X is antipodal
and weight function w is centrally symmetric. Then Theorem 1.8 in [9] implies that each Xi 6= {0}
is a spherical (4k − 2p + 5)-design. Hence |Xi| ≥ 2(2k − p + 3) holds. If p = 2, then X \ {0}
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is a spherical tight (4k + 1)-design and Theorem 3.1.1 holds. Hence we may assume p ≥ 3. Since
dim(P ∗2k(S)) = 1+
∑p−2
i=0
(
2k−2i+1
2k−2i
)
= 1+(p−1)(2k−p+3), we have |X | = 1+2(p−1)(2k−p+3).
Hence we must have |Xi| = 2(2k − p + 3) for Xi 6= {0}. Therefore each Xi 6= {0} is a tight spherical
(4k− 2p+ 5)-design and a regular (4k− 2p+ 6)-gon. This proves Theorem 3.1.1(2). Equation (3.2)
in [9] implies |{(x, y) | x ∈ Xi, y ∈ Xj}| is at most 2k + 1 for any Xi, Xj 6= {0} with i 6= j. On the other
hand 4k − 2p + 6 ≥ 2(k + 2). Let m = 4k − 2p + 6 and let us consider the points in R2 using the
complex number plane C. Then we can express
Xi = {riζiζ l | 0 ≤ l ≤ m− 1}
where ζ = exp( 2pi
√−1
m ) and ζi ∈ C with |ζi| = 1. We may assume ζ1 = 1. Let 1 < i ≤ p − 1.
Since |{(x, y) | x ∈ X1, y ∈ Xi}| ≤ 2k + 1 and m ≥ 2(k + 2), the (p − 1) regular (4k − 2p + 6)-
gons X1, . . . , Xp−1 cannot be at a general position. We must have ζi = 1 or ζi = exp(pi
√−1
m ). Next, let
z = x+ y√−1. Then it is well known that the vector space Harml(R2) is spanned by {Re(z l), Im(z l)}.
Hence Theorem 2.3.2 implies that X is a Euclidean (4k+ 1)-design if and only if
p−1∑
i=1
wi
m−1∑
l=0
r2ji (riζiζ
l)ν = 0
holds for any 1 ≤ ν ≤ 4k + 1, and 0 ≤ j ≤ 4k+1−ν2 . Since for any ν satisfying m 6 | ν we have∑m−1
l=0 (ζ s)l = 0 we must only need to check the case when ν is a multiple ofm. Since ν ≤ 4k+ 1 and
m ≥ 2(k+ 2), we only need to check when ν = m. Hence we have
p−1∑
i=1
wi
m−1∑
l=0
r2ji (riζiζ
l)m = 0.
This implies
p−1∑
i=1
wir
2j+m
i εi = 0
for j = 0, 1, . . . , p − 3 (= 4k−m2 ), where ε1 = ζm1 = 1, εi = ζmi (= 1 or −1). Let Ai = wirmi εi. Then
A1 = w1rm1 > 0 and
p−1∑
i=1
Air
2j
i = 0, for j = 0, 1, . . . , p− 3.
Since w1, . . . , wp > 0, A1 > 0, Proposition 3.1.8 implies (−1)i−1Ai > 0 and εi = (−1)i−1. This
completes the proof. 
Proof of Theorem 3.1.2. By assumption |X | = 2 dim(P ∗2k(S)) = 2
∑p−1
i=0 (2k−2i+1) = 2p(2k−p+2).
Since p ≤ k+1, Theorem2.3.6 implies thatX is antipodal. Hence Theorem1.8 in [9] implies that eachXi
is a spherical (4k−2p+3)-design. Hence |Xi| ≥ 2(2k−p+2). Hencewemust have |Xi| = 2(2k−p+2)
and Xi is a spherical tight (4k−2p+3)-design, i.e., a regular 2(2k−p+2)-gon. Letm = 2(2k−p+2).
Then by a similar argument given in the proof of Theorem 3.1.1 will complete the proof. 
Proof of Theorem 3.1.3. By assumption |X | = 2 dim(P ∗2k+1(S)). Since 2k + 1 is an odd number,
X is antipodal. Hence X cannot contain the origin. If p ≤ k + 1, then |X | = 2 dim(P ∗2k+1(S)) =
2
∑p−1
i=0
(
2k+2−2i
2k+1−2i
)
= 2p(2k− p+ 3). On the other hand, as a similar argument as before implies that
each Xi is a spherical (4k−2p+5)-design. Then wemust have |Xi| ≥ 4k−2p+6. Therefore wemust
have |Xi| = 4k − 2p + 6 and Xi is a spherical tight (4k + 3)-design and regular (4k − 2p + 6)-gon.
Then a similar argument as before will complete the proof. 
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Proof of Theorem 3.1.4. Let Sp = {0}. Then X \ {0} is a 4k-design supported by the union S ′ =
S1 ∪ · · · ∪ Sp−1 of p− 1 concentric spheres. If p ≥ k+ 2, then we have dim(P2k(S)) = dim(P2k(S ′)) =
dim(P2k(Rn)) =
(
2k+2
2k
)
. Then dim(P2k(S)) − 1 = |X \ {0}| ≥ dim(P2k(S ′)). This is a contradiction.
Hence p ≤ k + 1. Then |X | = dim(P2k(S)) = 1 +∑2p−3i=0 (2k − i + 1) = 1 + (4k − 2p + 5)(p − 1).
Moreover each Xi is a spherical (4k − 2p + 4)-design. Hence we must have |Xi| = 4k − 2p + 5 for
i 6= p. Hence Xi is a spherical tight (4k − 2p + 4)-design and a regular (4k − 2p + 5)-gon. A similar
argument will complete the proof. 
Proof of Theorem 3.1.5. If p ≤ k+1, then |X | = dim(P2k(S)) =∑2p−1i=0 (2k− i+1) = (4k+2p+3)p.
Since Xi is a spherical (4k − 2p + 2)-design, we have |Xi| ≥ 4k − 2p + 3. Hence |Xi| = 4k − 2p + 3,
Xi is a spherical tight (4k− 2p+ 2)-design and a regular (4k− 2p+ 3)-gon. A similar argument will
complete the proof. 
Proof of Theorem 3.1.6. By assumption |X | = dim(P2k+1(S)). Let Sp = {0}. A similar argument given
in the proof of Theorem 3.1.4 implies p ≤ k + 1. Since p ≤ k + 1 we have |X | = dim(P2k+1(S)) =
1+∑2p−3i=0 (2k− i+2) = 1+ (4k−2p+7)(p−1) < dim(P2k+1(R2)). Hence X is not a tight (4k+2)-
design of R2. Since Xi 6= {0} is a spherical (4k− 2p+ 6)-design, we must have |Xi| = 4k− 2p+ 7 for
i 6= p. Hence Xi 6= {0} is a spherical tight (4k − 2p + 6)-design and a regular (4k − 2p + 7)-gon. A
similar argument as before will complete the proof. 
Proof of Theorem 3.1.7. By assumption |X | = dim(P2k+1(S)) =∑2p−1i=0 (2k− i+2) = (4k−2p+5)p.
If p = k+ 1, then dim(P2k+1(S)) = dim(P2k+1(R2)) and X is a tight (4k+ 2)-design of R2. Each Xi is
a spherical (4k− 2p+ 4)-design. Hence each Xi is a spherical tight (4k− 2p+ 4)-design and a regular
(4k− 2p+ 5)-gon. A similar argument will complete the proof. 
3.2. Gaussian t-designs
We first give the following definition (please refer [5] for more information).
Definition 3.2.1. Let X be a finite set inRn with a positive weight functionw. X is a Gaussian t-design
if the following conditions are satisfied:
1
V (Rn)
∫
Rn
f (x)e−α‖x‖
2
dx =
∑
x∈X
w(x)f (x)
for any polynomial f ∈ Pt(Rn), where α is a positive real number and V (Rn) =
∫
Rn e
−α‖x‖2dx.
Since
∫
Rn f (x)e
−α‖x‖2dx = 0 for any f ∈ ‖x‖2j Harml(Rn) with l ≥ 1, Theorem 2.3.2 implies that
a Gaussian t-design is a Euclidean t-design. Let X with a positive weight function w be a Euclidean
t-design supported by p concentric spheres. Assume that X with w is a Gaussian t-design. Then by
elementary calculation of the integral we can easily show that p ≥ [ t+εS4 ] + 1. Therefore if |X | attains
the Möller’s lower bound, then X must be a tight t-design of Rn. When this occurs X is called a tight
Gaussian t-design. Nishida [26] investigated whether the known examples of tight t-design of Rn are
tight Gaussian t-design or give almost tight Gaussian t-designs. He found out the following:
Almost tight Gaussian 4-design of Rn
Let X = X1 ∪ X2 ∪ {0} be an almost tight Gaussian 4-design of Rn. Then n = 4 or 5 and X is similar
to the tight 4-design given in [10]. Let r1 = 1. Then the value of α > 0 and the weight function w is
determined uniquely. Let X0 = {0} and wi = w(x) for x ∈ Xi, 0 ≤ i ≤ 2. We list these values in the
following table. Please refer [10] for the precise structure of X .
n |X1| |X2| α r1 r2 w0 w1 w2
4 5 10 12 1 1√
6
1
12
1
300
9
100
4 6 9 4 1
√
2 14
1
12
1
36
5 6 15 52 1
√
8
5
1
4
1
18
1
36
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Remark 3. Tight Gaussian 4-designs supported by 2 concentric spheres are classified in [5].
Tight Gaussian 5-design of Rn
Let X = X1 ∪X2 be a tight Gaussian 5-design ofRn. Assume Xi 6= {0} for i = 1, 2. Then n = 3, 5 or
6 and X is similar to the tight 5-design of Rn given in [9]. Let r1 = 1. Then the value of α > 0 and the
weight function w is determined uniquely. Let wi = w(x) for x ∈ Xi, 1 ≤ i ≤ 2. We list these values
in the following table. Please refer [10] for the precise structure of X .
n |X1| |X2| α r1 r2 w1 w2
3 6 8 54 1
√
6 425
1
200
5 12 20 5(5±3
√
2)
2 1
√
3(3∓2√2)
5
1
1032±720√2
1
88∓48√2
6 12 32 2 1
√
3 116
1
128
Almost tight Gaussian 5-design of Rn
Let X = X1 ∪ X2 ∪ {0} be an almost tight Gaussian 5-design of Rn. Then n = 2. X \ {0} is a tight
5-design of R2. X1 and X2 are squares. We list the parameters in the following.
n |X1| |X2| α r1 r2 w0 w1 w2
2 4 4 r
2+1
r2
1 r 6= 1 2r2
(r2+1)2
r4
4(r2+1)2
1
4(r2+1)2
Almost tight Gaussian 7-design of Rn
Let X = X1 ∪ X2 ∪ {0} be an almost tight Gaussian 7-design of Rn. Then n = 2, 4, 7 and X \ {0} is
similar to one of the tight 7-designs ofRn given in the list of Theorem 3.4.3 in Section 3.4 of this paper.
We list the parameters in the following.
n |X1| |X2| α r1 r2 w0 w1 w2
2 6 6 6±3√2 1 √2∓ 1 49 10∓7
√
2
216
10±7√2
216
4 24 24 6±2√3 1
√
2(
√
3∓1)
2
1
4
9∓5√3
576
9±5√3
576
7 56 126 27±12
√
3
2 1
3∓√3
3
16
121 ± 35
√
3
1089
75
10 648 ∓ 97
√
3
23 958
5
1331 ± 37
√
3
23 958
Almost tight Gaussian 6-design of R2
Let X = X1 ∪ X2 ∪ {0} and X \ {0} be a tight 6-design of R2. Then the following parameters give X
a tight Gaussian 6-design structure.
n |Xi|, 1 ≤ i ≤ 2 α r1 r2 w0 w1 w2
2 5 6 1 12
7
18
1
270
16
135
Almost tight Gaussian 8-design of R2
Let X = X1 ∪ X2 ∪ X3 ∪ {0} and X \ {0} be a tight 8-design of R2. Then the following parameters
give X an almost tight Gaussian 8-design structure.
n |Xi|, 1 ≤ i ≤ 3 α r1 r2 r3 w0 w1 w2 w3
2 5 1
√
6
√
78+√6
6
√
78−√6
6
11
36
1
540
37
540 − 53
√
13
3510
37
540 + 53
√
13
3510
Remark 4. In the tables of parameters for the examples of tight or almost tight Gaussian t-designs, if
we determine one of the radii, say r1, then other parameters ri, wi, α, i 6= 1 are determined uniquely
except for the almost tight Gaussian 5-design in R2.
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Remark 5. We remark that the complete classification of Gaussian tight (4k + 1)-designs of R2 was
completed by Cools–Schmid [15] based on the previous work of Verlinden–Cools [28]. Their methods
are powerful, and applied to show the non-existence of cubature formulas of degree t for various
types of radially symmetric (Ω, µ). In Xu [30], he proved that for certain classical radially symmetric
(circular symmetric) (Ω, µ), the actualminimumnumber of points of a cubature formula of degree t is
in general far larger thanMöller’s lower bounds. Although it is not explicitly established so far, it seems
that this kind of phenomenon is expected to hold for larger classes of classical measures, including the
Gaussian measure. On the other hand, this sees to be a very special feature of the classical measures
of radially symmetric (Ω, µ), and as we discuss in Section 4.1, there are certain radially symmetric
(Ω, µ) for which the number of the points of a cubature formula of degree t is close to (or equal to)
Möller’s lower bound.
3.3. Some further constructions of new examples
In Section 3.1 we discussed tight designs in R2. In this section, we briefly explain about the recent
development of the research on tight designs in Rn. In [6], a strong method to investigate tight
designs on p concentric spheres was introduced. Using this method many of the following results
were obtained:
• An (n + 1) point set X in Rn is a tight 2-design of Rn if and only if there exists a negative real
number α and (x, y) = α holds for any distinct points x, y ∈ X , i.e., X is a 1-inner product set. (Cf.
Deza–Frankl [19] for s-inner product sets.) A necessary and sufficient conditions for the (n+1) vectors
to be a tight 2-design of R2 in terms of their lengths is given [7].
• A tight 3-design of Rn is similar to the 2n point set {±riei | 1 ≤ i ≤ n} with any positive real
numbers r1, . . . , rn and weightw(riei) = 1nr2i (see [9]).• Let X be a tight 5-design ofRn supported by 2 concentric spheres. Then 0 ∈ X and X \{0} is similar
to a spherical tight 5-design or one of the four tight 5-designs of Rn, with n = 2, 3, 5, 6 (see [9] for
the explicit structures).
• Examples of Euclidean t-designs are constructed using orbits of hyperoctahedral groups in Rn.
Among themwere tight 5-design ofR3 with p = 2, tight 7-design ofR3 with p = 3 and tight 7-design
of R4 with p = 2 (see[2]).
• Let X = X1 ∪ X2, (|X1| ≤ |X2|) be a tight 4-design of Rn. If X1 = {0} then X2 is similar to a
spherical tight 4-design. If |X1| = n + 1, then n = 2, 4, 5, 6 and 22. In particular, the example
constructed in R22 has the structure of combinatorial tight 4-(23, 7, 1) design which is known to
be unique (up to taking complimentary design) combinatorial tight 4-design, i.e., tight 4-design in
Johnson association schemes. If |X1| = n + 2, then n = 4. An example of tight 4-design of R22 with
|X1| = 33, and |X2| = 243 was constructed. This example has the structure of tight 4-design of the
Hamming scheme H(11, 3). For the explicit structures of the designs see [10]. It is conjectured in [10]
that for |X1| ≥ n+ 3, then n = (2k− 1)2 − 3 with some integer k ≥ 1.
• Rigidity of tight t-designs of Rn and tight t-designs on p concentric spheres are studied in [7].
A Euclidean t-design X = {x1, x2, . . . , xN} with weight w is strongly non-rigid if for any positive
real number ε, there exists a Euclidean t-design X ′ = {x′1, x′2, . . . , x′N} with weight w′ satisfying‖xi − x′i‖ < ε, |w(xi) − w′(x′i)| < ε, and there exist distinct j1, j2 satisfying ‖xj1‖ = ‖xj2‖ and
‖x′j1‖ 6= ‖x′j2‖. A tight 4-design of R2 with p = 2 is proved to be strongly non-rigid and existence of
tight 4-designs of R2 with p = 3, and 4 were proved. The tight 5-design of R2 (which is antipodal) is
proved to be strongly non-rigid and existence of tight 4-designs of R2 with p = 3, and 4 was proved
(which are antipodal). Also spherical tight 3-design on S1 ⊂ R2 is strongly non-rigid and existence of
antipodal tight 3-design of R2 with p = 2 is proved.
Remark 6. Theorem 2.3.6 implies that we cannot prove the existence of tight (2e+ 1)-design which
is not antipodal using the method given in [7].
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3.4. Classification of tight 7-designs of Rn on 2 concentric spheres, and related topics
The classification of tight 7-designs of Rn on 2 concentric spheres was given using the following
theorems. Detailed proof of the following is now in preparation by the first and the second author,
and will be published elsewhere.
Theorem 3.4.1. Let X be a spherical t-design which is an s-distance set. Assume t ≥ 2s − 3 and X is
antipodal. Then X has the structure of an association scheme.
Theorem 3.4.2. Let X be a spherical 5-design. Assume that X is an antipodal 4-distance set. Then X has
a structure of Q-polynomial scheme which is not a P-polynomial scheme. For each n = 22r with a positive
integer r, an example is known.
Remark 7. The examples with n = 22r and |X | = n2+2nmentioned above are coming from so called
real MUB (mutually unbiased bases). So, they are coming from certain configurations of n
2
2 + n lines
through the origin inRn (cf. [12]). It is interesting that these are examples of Q-polynomial association
schemes of class 4 which are not P-polynomial, and the fact that the existence of these Q-polynomial
association schemes was not noticed before.
Using above theorems together with the results on t-designs in real projective spaces by
Delsarte–Goethals–Seidel [16] and Hoggar [21], we can prove the following theorem.
Theorem 3.4.3. Let X be a tight 7-design of Rn supported by 2 concentric spheres. Then X is similar to
one of the following:
n |X | |X1| |X2| A(X1) A(X2) w
2 12 6 (tight) 6 (tight) ± 12 ,−1 ± 12 r2,−r2 1r6
4 48 24 24 0,± 12 ,−1 0,± 12 r2,−r2 1r6
7 182 56 (tight) 126 ± 13 ,−1 0,± 12 r2,−r2 3227 1r6
In above ‘‘(tight)’’ means that corresponding Xi is a spherical tight 5-design.
Remark 8. The first two examples given in the table above were already constructed by Bajnok
(see [2]). The third example is new. It is interesting that in all these three examples, we can take
the radii of two concentric spheres arbitrarily. So, in the third example of n = 7, if we choose r
appropriately, this Euclidean tight 7-design has constant weight function.
4. Concluding remarks
4.1
As we mentioned in Section 2, Euclidean t-designs are the master class t-designs for cubature
formulas of radially symmetric measure space (Ω, µ). So, the following inverse problem seems to be
very interesting. The inverse problemmeans as follows. For a given Euclidean t-design find a radially
symmetric measure space (Ω, µ) on which there exists a corresponding cubature formula of degree
t. It seems that this problem is very subtle in the sense it depends heavily on which kinds of measures
we allow. It would be natural, in particular, to consider the case where Ω = Rn and µ be defined
by Stieltjes integral with respect to non-decreasing function of variable r , the radial distance. We
cannot discuss this topic deeply, as technical details in analysis are beyond our ability. But as far as
we understand, it seems that this problem is related to the indetermined case of the truncated (or
reduced) symmetricHamburgermoment problemand/or the truncated (or reduced) Stieltjesmoment
problem, and that there always exist solutions, as long as general types of measure µ are allowed,
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and as long as X is not too small, i.e., X is greater or equal to the Möller’s bound for Ω = Rn in
Theorem 2.2.4. (See e.g., page 9 of [13].) However, it seems it is a difficult open problem to construct
suchµ explicitly. Also, it would be interesting to answer this question when there exists a continuous
functionw(r) of r such that µ is given as µ(x) = w(r)dx1dx2 · · · dxn.
4.2
We will not discuss the details here, but we would like to point out that the paper of Victoir [29]
which is to find relatively small sized Euclidean t-designs starting with the union of orbits of a finite
orthogonal group action is very interesting. We want to come back to this topic in the near future.
4.3
The examples constructed in Section 3.4 are related to the work of Cohn–Kumar [14] and Ballinger
et al. [3] on universally optimal codes on the sphere in Rn in two different points.
(i) Ballinger et al. [3] constructed 182 = 56 + 126 points in the unit sphere in R7.While, our set
in Theorem 3.4.3 also consists of 182 = 52+ 126 points, but on two concentric spheres.
(ii) The examples we mentioned in Remark 7 are 5-spherical designs and 4-distance sets in R2
2r
with size 24r+22r+1.We think that thesemight be close to being universally optimal codes. For r = 1,
Cohn et al. proved that it is not universally optimal. It seems the possibility that they are universally
optimal is not yet ruled out. The authors thank Henry Cohn for the fruitful discussions we had on this
problem.
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